Circular systems are advantageous for interfacial studies since they do not suffer from end effects, but their hydrodynamics is more complicated because their flows are not unidirectional. Here, we analyze the shear rheology of a harmonically driven knife-edge viscometer through experiments and computations based on the Navier-Stokes equations with a Newtonian interface. The measured distribution of phase lag in the surface velocity relative to the knife-edge speed is found to have a good signal-to-noise ratio and provides robust comparisons to the computations. For monomolecular films of stearic acid, the surface shear viscosity deduced from the model was found to be the same whether the film is driven steady or oscillatory, for an order of magnitude range in driving frequencies and amplitudes. Results show that increasing either the amplitude or forcing frequency steepens the phase lag next to the knife edge. In all cases, the phase lag is linearly proportional to the radial distance from the knife edge and scales with surface shear viscosity to the power −1/2.
I. INTRODUCTION
Monomolecular films on liquids can drastically alter the transfer of mass, momentum, and energy across the surface of the liquid due to the coupling to the bulk hydrodynamics. The importance of monolayers on hydrodynamics is evident everywhere we look in nature, ranging from small scale systems such as the alveoli in the lungs [1] [2] [3] [4] to CO 2 exchange between the atmosphere and the oceans [5] [6] [7] [8] . In manufacturing, monolayers on liquids impact everything from microelectronics to the production of polyurethane foam [9, 10] . Other manmade systems dominated by interfacial phenomena include ink-jet printers [11, 12] and emulsifiers in food processing [13, 14] . A recent development in the pharmaceutical industry is an increasing reliance on interfacial processing [15] . Yet, it is surprising how limited our knowledge is of interfacial hydrodynamics and its prediction.
When sheared, many monolayers on liquids exhibit an intrinsic or "excess" surface viscosity. In both biological and manmade systems, we often wish to understand the response of interfaces to oscillatory forcing, which is complicated because although the interface has no inertia, the liquid with which it is in contact does have mass and a finite amount of inertia. Therefore, even for systems with very high surface shear viscosity, the effect of the bulk liquid cannot be ignored when considering unsteady processes.
Recently, Verwijlen et al. [16] provided a theoretical foundation for the analysis of the harmonically driven magnetic needle surface viscometer. Their theory included the coupling of the interfacial and bulk flows. One of the fundamental challenges with the utilization of the magnetic needle is the problem of end effects: the finite needle is three dimensional, but the theory is planar. Circular systems have long been popular for interfacial flow studies since they do not suffer from end effects. Although the use of a circular needle or a knife edge (similar to the needle, but does not penetrate the liquid substrate) eliminates end-effect issues, it complicates the analysis because the flow is not unidirectional. That is because unlike in the planar case, where the vorticity vector only has one component and is orthogonal to the unidirectional flow, in curved systems vortex line bending produces a secondary flow, resulting in both the vorticity and the velocity vectors having three nonzero components. Even at low speeds, when inertia is not important, vortex line bending still exists and drives a secondary flow. It was shown in [17] that the secondary flow scales with the Reynolds number, and can only be ignored when Re → 0. However, experiments typically have Re ∼ 10 2 -10 3 , and so analyses which assume unidirectional flow are not valid, even with the coupling between bulk and interfacial flows being taken into account, because the flow in the bulk is not unidirectional [18] .
Here, we present a numerical model to fully account for the effect of bulk flow on oscillatory sheared interfaces. The predictions are compared directly to time-resolved measurements of the interfacial velocity. The measurements and computations show a phase lag in the interfacial velocity relative to the instantaneous velocity of the knife edge which increases linearly with the radial distance from the knife edge. The phase lag results from the coupling between the interfacial and bulk flows. The radial gradient of the phase lag is found to depend strongly on the surface shear viscosity. A steady streaming meridional bulk flow is found to result from the oscillatory azimuthal motion of the interface. The response of the monolayer to steady shear was also measured and gave a consistent value of surface shear viscosity regardless of whether the film was subjected to steady or oscillatory shear.
II. GOVERNING EQUATIONS
Consider a stationary cylinder of radius aA R , filled to a depth aA H with water of dynamic viscosity μ and kinematic viscosity ν. The top surface is uniformly covered by a monolayer and the flow is driven by the oscillatory rotation of a knife edge of outer radius a and thickness a that just touches the monolayer. The knife edge has a maximum angular speed of and the frequency of oscillation is ω. Figure 1 shows a schematic of this setup.
The governing equations are the Navier-Stokes equations with no-slip boundary conditions on the cylinder wall and floor together with the tangential stress balance at the air-water interface, and no-slip at the oscillating knife. Using a as the length scale and 1/ as the time scale, and assuming the flow to remain axisymmetric, the nondimensional Navier-Stokes equations are written in cylindrical coordinates (r,θ,z), with the velocity in terms of the stream function, ψ, and angular momentum, γ ,
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where Re = a 2 /ν is the Reynolds number. Geometric parameters describing this system are the ratio of cylinder radius to the outer knife-edge radius, A R , and water depth to the outer knife-edge radius ratio, A H . Another geometric parameter is the ratio of the knife-edge thickness to its outer radius, . The experiments and the simulations keep these fixed at A R = A H = 5.25 and = 0.167.
The no-slip boundary conditions on the stationary cylinder walls are
The interfacial and bulk flows are coupled via stress balances. For a flat interface, the velocity normal to the interface vanishes. Insoluble monolayers on water that are of sufficient concentration to exhibit surface shear viscosity are generally stiff enough to resist radial motion, as only a very small surface tension gradient is required to overcome the radial interfacial velocity component [19] . These considerations reduce the radial and normal stress balances at the interface to
This leaves only the azimuthal stress balance. For a Newtonian interface whose only nonzero velocity is in the azimuthal direction, the azimuthal tangential stress balance is described using the Boussinesq-Scriven surface model [20] [21] [22] , giving
where Bo = μ s /μa is the Boussinesq number, μ s is the surface shear viscosity, and μ is the dynamic viscosity of the bulk liquid.
The interface is not a singly connected surface due to the contact with the knife edge; the interfacial conditions (8) and (9) are enforced on the interface r ∈ [0,1 − ) ∪ (1,A R ), and no-slip is imposed on the knife edge, v(r,A H ) = sin(St t), ψ = 0, and η = − 1 r
where St = ω/ is the Stokes number.
A. Numerical technique
The Navier-Stokes equations (3)- (5) are solved in the bulk using a second-order centered finitedifference discretization in space and a second-order predictor-corrector (Heun's method) for time advancement. The method has been used and tested on internal rotating flows [23] . It has also been extended to handle viscous and inviscid monolayers [19, 24] , and in particular for the steady knife-edge viscometer [17, 25] . The same implementation is used here, where (8)- (10) are imposed at the interface. Knowing the interior bulk flow at any point in time, (8) is evaluated using second-order one-sided differences. As in other implementations [17, 19, 25] , (9) is solved for v at the interface at each point in time with the just-computed interior solution v which is used to determine ∂v/∂z using second-order one-sided differences. The only essential modification from the code used in [17] is the time-periodic boundary condition at the knife edge, and this is straightforward to implement. Grid resolution studies were conducted in [17] ; for the present study, the number of grid points used in the r and z directions was n r = n z = 527, giving 17 grid points for the knife edge. The time step δt depends mainly on Re and St, and particular attention was given to ensure that a sufficient number of time steps per forcing period was used. For small Re and St, up to 30 000 time steps per period were used; fewer time steps are needed for larger Re and St.
B. Analytic interfacial solution for Bo → ∞
In the limit Bo → ∞, the interfacial hydrodynamics decouples from the bulk hydrodynamics (but the bulk remains coupled to the interface), and (9) reduces to
which has a simple analytic solution of the form v = Ar + B/r, where A and B depend only on the geometric parameters A R and and the boundary conditions. When the boundary conditions are time dependent, so are A and B. In the region inside the knife edge, r ∈ [0,1 − ), the solution is v(r,t) = r sin(St t) so that the interface on the inside acts exactly the same as an oscillating disk. Hence, in the limit Bo → ∞, is irrelevant, and the knife edge together with the highly viscous monolayer are equivalent to a solid disk. In the region outside the knife edge, r ∈ (1,A R ), the interfacial velocity is
so that the interfacial flow is exactly in phase with the forcing of the oscillatory knife edge, and hence the flow at the interface has no phase lag in this limit. The bulk flow that is driven by the oscillatory knife edge and the viscous monolayer do not need to be in phase with the knife-edge oscillations, and in fact will not be except in the inertialess limit Re → 0. For finite Bo, the interface is not in phase with the knife edge since it is also coupled to the bulk flow, and then to determine the interfacial flow the fully coupled nonlinear system needs to be solved.
C. Symmetries of the system
The system, comprised of the Navier-Stokes equations (3)- (5) together with the boundary conditions (8)- (10), has a half-period-flip spatiotemporal symmetry H. The action of H on the velocity is
where T = 2π/St is the dimensionless oscillation period. The solutions are invariant to this symmetry for all Re, St, and Bo considered. For zero phase lag, the velocity would need to satisfy
This is not satisfied for any finite Bo; it is only satisfied in the limit Bo → ∞.
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III. EXPERIMENTAL APPARATUS AND METHODS
The present knife-edge viscometer flow apparatus is similar to the device described in detail elsewhere [25] , and only the salient features and differences are presented here. The cylinder was made from precision-bore glass of diameter 2aA R = 50.0 mm and height aA H = 25.4 mm. The glass cylinder was bonded to a floor made of optical glass. The knife edge was made from precision stainless steel bushing stock with outer diameter 2a = 9.53 mm and thickness ratio = 0.167. Harmonic oscillations of the knife edge were achieved through a two-step process. First, steady rotational motion of a flywheel driven by a microstepper motor was converted to linear harmonic motion using a crankshaft-connecting rod assembly, as described in [26] . The linear harmonic motion was then converted to rotational harmonic motion by a wheel and rail assembly. Harmonic rotation of the knife edge was verified using a rotary encoder and high speed camera, and was found to be within 98% of a pure sine wave. For experiments with steady motion, the knife edge was driven directly by a microstepper motor, through a set of pulleys and a timing belt.
The experiments were performed using deionized (DI) water at 22.5 ± 0.5 • C, with ν = 9.46 × 10 −3 cm 2 /s, and μ = 9.44 × 10 −3 g/(cm s). The glass dish was cleaned with reagent-grade acetone, then with HPLC-grade methanol, and finally with DI water before each experiment. Stearic acid (Sigma Aldrich, S4751-1G) was dissolved in HPLC-grade benzene and spread on the surface of the water via a gas-tight, glass microsyringe. Benzene, which is essentially insoluble in water, evaporates quickly, leaving behind a monolayer of stearic acid which was allowed to equilibrate for 15 minutes. The knife edge was then gradually lowered to make contact with the monolayer-covered interface, but not penetrate into the bulk. The technique for spreading monolayers of stearic acid on water was independently validated through measurements of the equation of state (the relationship between the surface tension and surface packing of the monolayer) through slow compression in a Langmuir trough. The measurements showed that stearic acid remains a monolayer for concentrations considered here, c 2 mg/m 2 , and it collapses for c 2.3 mg/m 2 (i.e., 20Å 2 per molecule), in agreement with the findings in [27, 29] . The interfacial flow field was measured via particle tracking velocimetry. In order to minimize the effects of seeding particles on the interface, 3-μm-diameter nonwetting particles made out of PTFE (Polysciences Inc., Microdispers-3000) were sparsely distributed on the surface. Prior to their use, the seeding particles were washed twice with reagent-grade acetone in a clean glass petri dish. The supernatant acetone was aspirated, leaving the particles at the bottom, which were then air dried. After spreading the stearic acid monolayer at the air-water interface and allowing it to equilibrate, the dried PTFE particles were shaken off a clean, dry spatula onto the interface. The coverage of particles was approximately 0.1% of the total surface area. Direct imaging of the PTFE particle motion was performed using a microscope zoom lens (Thales-Optem, 70XL) with a right-angle prism. The images were captured by a black-and-white video camera (Basler, acA2000-165 μm) at frame rates between 40 and 100 fps. For the oscillatory flow measurements, particle motion was recorded over five periods of oscillations. These measurements were made at least 10 minutes (600 s) after the knife edge was set in motion. The time between starting the flow and taking measurements is much larger than the viscous time based on the radius of the knife edge (a 2 /ν = 24 s) and is comparable to the viscous time based on the full extent of the dish (
H /ν = 660 s). For the steady flow measurements, images were captured for 20 s.
For the oscillatory flow measurements, which were performed near the knife edge (1 < r < 1.2), the sequence of high-magnification images was processed using ImageJ and PYTHON and tracked using Dlib C++ library. MATLAB was used to obtain phase-averaged measurements of the interfacial velocity at various locations near the knife edge to determine the phase shift of the harmonic motion relative to the harmonic motion of the knife edge itself. For measurements when the knife edge was driven steady, a smaller magnification was used to enable visualization of the surface over a region ten times as wide, namely, 1 < r < 3. Table I presents the parameters used to control the oscillations of the knife edge in the experiments in order to achieve various combinations of (Re,St), all with the fixed values of a, A R , and A H . The parameters were selected in order to obtain at least an order of magnitude variation in both Re and St. An example of the oscillatory flow measurements is presented in Fig. 2 for a representative value of Re and St. Figure 2 (a) shows the nondimensional instantaneous azimuthal velocity as a function of time for two points, one very near the knife edge at r = 1.01 and the other at r = 1.19. There is a fair amount of noise in the measurements of the velocity, especially at the larger radius. A sinusoid fit to each set of measurements is also presented in the figure. Sinusoidal fits to azimuthal velocity measurements taken in between these locations (1.01 r 1.19) are presented in Fig. 2(b) . The fits have a correlation coefficient of better than 0.98. The decrease in amplitude with increasing radial distance from the knife edge is as expected. The key point, however, is the fact that the maxima occur at slightly increasing times with distance from the knife edge. This shows that the interfacial velocity response has a phase lag with respect to the knife-edge oscillation, φ (degrees), where the phase lag is determined relative to a sinusoid fit to the velocity of the knife edge itself, which is measured simultaneously with the interfacial velocity.
IV. RESULTS

A. Numerical
The results presented in this section provide an overview of the flow; additional numerical results corresponding to the experimental cases investigated are presented in tandem with the experimental measurements in the following section. We begin here by considering how the system behaves for a range of Re, St, and Bo. For sufficiently small Re and St, inertial effects are expected to be small, and for sufficiently large Bo, the interfacial flow is expected to be independent of the bulk flow. Figure 3 shows the instantaneous azimuthal surface velocity profiles computed at various times over one period for Re = 4 and St = 2.5 for three values of Bo; this is the lowest Re considered in the experiments. Profiles in red correspond to times when the knife edge is rotating in one direction and those in black are for the return stroke. For a highly viscous interface, with Bo = 100, Fig. 3(a) shows that the interface moves essentially in unison with the knife edge. There is very little phase lag visible in the region inside the knife edge and only a slight phase lag is barely detectable in the 044002-7 outside region, as the forward and return stroke profiles do not coincide exactly. The large surface shear viscosity in this case essentially decouples the motion at the interface from the bulk and the interfacial flow extends all the way to the cylinder wall. The interfacial velocity profiles v(r,t) are very close to the analytical profiles described in Sec. II B. This indicates that for this system, Bo = 100 is close to the Bo → ∞ limit. For a modest value of surface shear viscosity (Bo = 1), Fig. 3(b) shows significant coupling between the interfacial and bulk flows, even at such a small Reynolds number (Re = 4). There is significant phase lag both in the regions inside and outside the knife edge. Unlike the high surface shear viscosity case, the interface in the region inside the knife edge is not in solid-body rotation and the motion outside the knife edge dies out by r ≈ 3.5, about halfway between the oscillating knife and the stationary cylinder wall. Figure 3(c) shows that when the interface has very low viscosity (Bo = 0.01), the interfacial velocity is dominated by the finite inertia of the bulk liquid, exhibiting large phase lag and highly nonlinear velocity profiles in the region inside the knife edge, and that the flow diminishes rapidly away from the knife edge, with v(r,t) → 0 for r 2.
Snapshots of the flow in the bulk corresponding to the Bo = 1 case are presented in Fig. 4 for four instants over one period (see Supplemental Material [28] for animations). The top row shows the vortex lines (contours of angular momentum rv) and the bottom row shows the streamlines. Figure 4(a) shows the flow at the instant when the knife edge is at its maximum speed going in one direction, and Fig. 4(c) shows the flow when the knife edge is at its maximum speed in the return stroke. Figures 4(b) and 4(d) show the bulk flow at the instant when the knife edge is stopped, exhibiting the diffusion of the vortex lines into the bulk. The finite angle at which the vortex lines meet the surface is consistent with an interface with a finite surface shear viscosity [19] . The streamlines in the figure exhibit the well-known large-scale meridional mean streaming flow that is expected for a torsionally oscillating disk, independent of the viscosity [30] [31] [32] [33] . Interestingly, the figure shows that the streaming is at its strongest at the end of the stroke, when the knife edge is stopped and is about to reverse its direction of rotation 
B. Experiment
Steady-driven flow
We begin by detailing the measurements of the steady-driven knife edge (St = 0) since these have received much attention recently and can serve as a baseline [17, 25] . Figure 5 [21, 27, 34] . Finally, it should be noted that interfacial velocity measurements show that the radial component is zero, to within experimental uncertainty. This is consistent with prior experiments [25] and validates the zero radial flow assumption used in the present model.
Measurements of the interfacial velocity for the stearic acid monolayers at surface concentration c = 2 mg/m 2 exhibit a much more viscous response, as expected. Figure 6 shows that the measurements compare reasonably well to computations using Bo = 3.0. The nondimensionalized velocity profiles show very little Reynolds number dependence, as expected for a more viscous interface [17] . The computations also illustrate that the flow inside the knife edge is indistinguishable from solid-body rotation. Unlike the lower concentration monolayer case, now with c = 2 mg/m 2 there is a slight difference in the measured shape of the velocity profiles and the computed profiles at large radii. Near the knife edge, 1 < r 2, simulations with Bo = 3.0 fit the velocity measurements very well, but progressively with increased distance from the knife edge, the velocity measurements are smaller than those predicted by the Newtonian interfacial model; see measured velocity profile is consistent with an interface exhibiting some degree of shear thinning; the monolayer tends to flow readily near the knife edge where the shear rate is large, but tends to freeze near the stationary cylinder wall where the shear rate is small. The departure from a Newtonian response observed in this case (c = 2 mg/m 2 ) is not surprising given the close proximity to the surface concentration where the monolayer transitions to a solid phase before collapsing at surface concentration c ≈ 2.3 mg/m 2 [27] . Figure 7 shows comparisons between measured and computed phases just outside the knife edge, where high-resolution, time-resolved measurements of the azimuthal velocity were made. Measurements with stearic acid monolayers at two concentrations (c = 1 and c = 2 mg/m 2 ) are presented for the Re and St values listed in Table I . As expected, the phase lag is consistently smaller for a monolayer with larger surface packing, indicative of a larger surface shear viscosity. The measurements of the phase lag for stearic acid at c = 1 mg/m 2 correlate well to computations with Bo = 1 for all combinations of (Re,St), and measurements at concentration c = 2 mg/m 2 correlate to Bo = 3. This is in agreement with the steady experimental results.
Oscillatory-driven flow
The salient feature of Fig. 7 is that in every case, the phase lag varies linearly with radial distance from the knife edge. Figure 7 also shows that the phase lag steepens with increasing Re and with increasing St. The phase lag decreases with increasing Bo since a more viscous interface reduces the influence of the bulk flow on the interfacial hydrodynamics. This is to be expected since in the limit Bo → ∞, the phase lag is zero throughout the interface.
Since the phase lag increases linearly with r near the knife edge, there is a well-defined φ r = ∂φ/∂r that is a function Re, St, and Bo. The computed φ r is presented in Fig. 8 , which shows that φ r scales with Bo −1/2 , both when St is kept fixed [ Fig. 8(a) ] and when Re is kept fixed [ Fig. 8(b) ]. The −1/2 power scaling is not surprising since Bo = μ s /μa is proportional to the surface shear viscosity (both the length scale and the viscosity in the bulk are constant in the current experiments), and scaling with viscosity to the −1/2 power is typical [35] . In particular, φ r near the knife edge may be interpreted by analogy with the similarity solution for a wall oscillating harmonically in its own plane, the so-called Stokes' second problem. That solution shows that the phase lag is linearly proportional to the distance from the oscillating wall and proportional to viscosity to the −1/2 power.
V. CONCLUSIONS
The classic Boussinesq-Scriven surface model has been coupled to the Navier-Stokes equations for flow in a cylindrical geometry, fully accounting for the secondary flow resulting from the curved geometry, and a numerical solution procedure has been developed to predict the flow when the interface is subjected to unsteady shear. The numerical results have been verified and validated against experiments using a widely studied monolayer, i.e., stearic acid, that is known to have a viscous Newtonian response to steady shear. The experiments, and the corresponding numerical simulations, were conducted using the knife-edge viscometer flow geometry. We have predicted and verified the response to oscillatory forcing, considering an order of magnitude range in the forcing amplitude and frequency, and show that for a given surface concentration of the monolayer, a single value of surface shear viscosity collapses the oscillatory cases, independent of amplitude and frequency of the forcing, and that the value of the surface shear viscosity agrees with the value that is found under steady shearing.
The flow at the interface is unidirectional, i.e., in the azimuthal direction, but the flow in the bulk has a significant secondary meridional overturning component. The oscillatory forcing at the interface drives a steady streaming flow in the bulk. If the surface shear viscosity of the monolayer is extremely large, the interfacial flow is oblivious to the bulk flow. However, for finite surface shear viscosities, the interfacial and bulk flows are viscously coupled, and the details of the bulk flow need to be accounted for in order to predict the interfacial flow correctly.
The interfacial velocity in the vicinity of the knife edge was found to have a phase lag that varied linearly with radial distance from the knife edge. The phase lag becomes steeper with both increasing forcing amplitude and frequency. The slope of the phase lag was found to scale with the surface shear viscosity to the −1/2 power, which is analogous to the classic solution for a wall harmonically oscillating in its own plane. The variation of the radial gradient of the phase lag with surface shear viscosity μ s is much greater than the variation with μ s of the interfacial velocity profile under steady shearing, indicating that the knife-edge viscometer is more sensitive when harmonically forced.
